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Abstrat
We show how to dene and go from the spin-s spherial harmonis to
the tensorial spin-s harmonis. These quantities, whih are funtions on the
sphere taking values as Eulidean tensors, turn out to be extremely useful
for many alulations in General Relativity. In the alulations, produts
of these funtions, with their needed deompositions whih are given here,
often arise naturally.
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I. Introdution
The use of the ordinary spherial harmonis, Ylm(θ, ϕ) (and their as-
soiated vetor and tensor harmonis) with all their properties, their eigen-
value/eigenvetor behavior, their orthonormality properties, their use in solv-
ing various problems and equations in mathematial physis, their interpre-
tations in terms of multipole expansion have been ubiquitous in theoretial
physis. Several years ago a generalization of the ordinary harmonis was
developed
1,2
and referred to as the spin-s spherial harmonis and denoted
by
(s)Ylm(θ, ϕ)
with s = 0 the ordinary spherial harmonis. They have proved to be very
useful in problems involving spin-s elds and have beome an almost essential
tool in problems involving gravitational physis. Though the (s)Ylm are losely
related to the Wigner D-matries,Dmm
′
l {and to generalized versions of vetor
and tensor spherial harmonis} and an be derived from them, nevertheless
it is the partiular form and spei properties of the (s)Ylm that have been
of great use.
Reently, it turns out, that there are quantities that have been appearing
in many alulations that are losely related to the (s)Ylm, whih we refer
to as the tensor spin-s harmonis and are denoted by Y
(s)
(l)i.......k. This note is
devoted to a disussion of these new harmonis.
There is a one-to-one orrespondene between Y
(s)
(l)i.......k and the (s)Ylm.
The indies i.....k indiate symmetri and trae-free 3-dimensional Eulidean
tensors; the number of tensor indies equals l. The number of independent
omponents, in both Y
(s)
(l)i.......k and (s)Ylm, is the same; N = 2l+1 and, in fat,
the quantities Y
(s)
(l)i.......k are just linear ombinations of the (s)Ylm and ould
in priniple be written as
Y
(s)
(l)i.......k = ΣmK
(s)(m)
(l)i.....k · (s)Ylm.
It is however diult and a bit unwieldy to nd theK
(s)(m)
(l)a.....b and a more diret
approah, namely to dene them independently, is onsiderably easier.
The value in using the Y
(s)
(l)i.......k instead of the spin-s spherial harmonis
is two-fold. (i) They simply appear as they are dened in many of the alu-
lations and (ii) in non-linear theories very often within alulations one nds
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that produts of these tensor harmonis automatially are there. They, in
turn, must be deomposed via a Clebsh-Gordon expansion. These expan-
sions are most easily done with the Y
(s)
(l)i.......k.
In setion II we will desribe how the Y
(s)
(l)i.......k arise in GR and preisely
how they are dened. In addition for larity we give many examples. In
setion III, we disuss how produts [Clebsh-Gordon expansions℄ are found
and give an example from GR in setion IV. The main bulk of this note
appears in appendies. Appendix A ontains some useful misellaneous re-
lations while Appendix B ontains a table of Clebsh-Gordon expansions of
some of the most useful produts.
II. The Tensor Spin-s Harmonis
A. Notation & Basis
We begin with either Minkowski spae or at an arbitrary point in a
Lorentzian spae-time and take the metri as
ηab = diag[1,−1,−1,−1]. (1)
The standard null tetrad, parametrized by the omplex stereographi
angles (ζ, ζ), with ζ = eiφ cot θ
2
, an be given by
la =
1√
2(1 + ζζ)
(
1 + ζζ, ζ + ζ,−i(ζ − ζ),−1 + ζζ
)
, (2)
ma =
1√
2(1 + ζζ)
(
0, 1− ζ2,−i(1 + ζ2), 2ζ
)
, (3)
ma =
1√
2(1 + ζζ)
(
0, 1− ζ2, i(1 + ζ2), 2ζ
)
, (4)
na =
1√
2(1 + ζζ)
(
1 + ζζ,−(ζ + ζ), i(ζ − ζ), 1− ζζ
)
, (5)
As (ζ, ζ) sweeps out the sphere, the null vetor la sweeps out the light-one
and `drags along with it' the remainder of the tetrad. From the tetrad we
obtain the time-like and spae-like vetors,
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ta ≡ la + na =
√
2 (1, 0, 0, 0) (6)
ca ≡ la − na =
√
2
(1 + ζζ)
(
0, ζ + ζ,−i(ζ − ζ),−1 + ζζ
)
(7)
with norms 2 and -2 respetively.
The main tool or ingredient in our work will be the 3-dimensional {Eu-
lidean}vetors, [i, j..... = 1, 2, 3], obtained by projetions that are normal to
ta, i.e.,
li =
−1√
2(1 + ζζ)
(
ζ + ζ,−i(ζ − ζ),−1 + ζζ
)
, (8)
mi =
−1√
2(1 + ζζ)
(
1− ζ2,−i(1 + ζ2), 2ζ
)
, (9)
mi =
−1√
2(1 + ζζ)
(
1− ζ2, i(1 + ζ2), 2ζ
)
, (10)
ni = −li = 1√
2(1 + ζζ)
(
(ζ + ζ),−i(ζ − ζ),−1 + ζζ
)
, (11)
ci = li − ni = −
√
2
1 + ζζ
(
ζ + ζ,−i(ζ − ζ),−1 + ζζ
)
. (12)
In terms of θ and φ,
ci = −
√
2(cos φ sin θ, sinφ sin θ, cos θ). (13)
and hene ci is just −
√
2 times the unit Eulidean radial vetor. Note that
we have used the Minkowski metri, (1) to raise and lower even the Eulidean
indies in Eqs.(??) - (12) whih gives rise to the minus sign.
Some of the important algebrai properties of these vetors obtained by
diret alulation from their denitions, are
δij =
1
2
cicj +mimj +mimj , (14)
ck = −
√
2iǫkijmimj , (15)
mk =
i√
2
ǫkijmicj , (16)
4
mjmk −mjmk = i√
2
ǫjkici, (17)
mkcj −mjck = −i
√
2ǫkjimi. (18)
Noting that ck, mk and mk have respetively spin-weights (0,1, -1) and an
l-value, l = 1, we have, either from the denitions of the dierential operator
edth ating on a spin-wt. s funtion η(s), i.e.,
ðη(s) = P
1−s
0 ∂ζ(P
s
0 η(s)), (19)
ðη(s) = P
1+s
0 ∂ζ(P
−s
0 η(s)), (20)
P0 = 1 + ζζ, (21)
or from the general eigenvalue relations
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ðð(s)Ylm = −(l − s)(l + s+ 1)(s)Ylm, (22)
ðð(s)Ylm = −(l + s)(l − s+ 1)(s)Ylm, (23)
the dierential relations
ðci = 2mi, (24)
ðci = 2mi, (25)
ðmi = −ci, (26)
ðmi = −ci, (27)
ððci = −2ci, (28)
ððmi = −2mi, (29)
ððmi = −2mi. (30)
B. Denition of Y
(s)
(l)i.......k
The essential idea to dene the tensor harmonis Y
(s)
(l)i.......k is simply to use,
in an appropriate way, tensor produts of the three basi Eulidean vetors,
(ci , mi, mi). Sine eah of them have the value l = 1, in any produt of n
terms the l-value of the produt is l = n. The spin wt. of the produt is given
by the algebrai sum of the spin wts. of the onstituent vetors. In addition
we require the produts to be symmetri trae-free Eulidean tensors.
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The easiest way to do this is to rst dene the spin-wt. s = l tensor
harmoni Y
(l)
(l)i.......k, {with l indies, i....k or l fators mk} and Y
(−s)
(s)i.......k by
Y
(l)
(l)i.......k = mimj .....mk (31)
Y
(−l)
(l)i.......k = mimj....mk. (32)
First note that both are obviously symmetri and trae-free [sinemimjδ
ij =
0℄ and that any derivatives will also be symmetri and trae-free. Further-
more we reall that the edth operators
ð and ð
are stepping operators, i.e., they add or subtrat one to the value of s.
For positive values of s, [s = 0, 1, ...., l], the Y
(s)
(l)i.......k are dened by ap-
plying the operator
ð,
l − s times to Y (s)(s)i.......k, i.e.,
Y
(s)
(l)i.......k = ð
l−s{Y (l)(l)i.......k} (33)
and for negative values of s, i.e., for [0,−1, ....,−l℄,
Y
(−|s|)
(l)i.......k = ð
l−|s|{Y (−l)(l)i.......k}. (34)
Note that
Y
(−|s|)
(l)i.......k = Y
(s)
(l)i.......k.
It is easy to show that the tensor harmonis satisfy the eigenvalue equations
ððY
(s)
(l)i.......k = −(l − s)(l + s+ 1)Y (s)(l)i.......k, (35)
ððY
(s)
(l)i.......k = −(l + s)(l − s+ 1)Y (s)(l)i.......k. (36)
C. Examples
In order to larify these denitions and for later use, using Eqs.(24)(27)
and (14), we give several examples:
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l = 0:
Y 00 = 1. (37)
l = 1:
Y 11i = mi, (38)
Y 01i = ðY
1
1i = ðY
−1
1i = −ci (39)
Y −11i = mi. (40)
l = 2:
Y 22ij = mimj , (41)
Y 12ij = ðY
2
2ij = −(cimj +micj), (42)
Y 02ij = ðY
1
2ij = 3cicj − 2δij , (43)
Y −12ij = −(cimj +micj), (44)
Y −22ij = mimj . (45)
l = 3:
Y 33ijk = mimjmk (46)
Y 23ijk = −(cimjmk +micjmk +mimjck)
Y 13ijk = −[δijmk + δkjmi + δikmj ] +
5
2
[cicjmk + ckcjmi + cickmj ]
Y 03ijk = 6(δijck + δikcj + δkjci)− 15cicjck
l = 4:
7
Y 44ijkl = mimjmkml (47)
Y 34ijkl = −cimjmkml −micjmkml −mimjckml −mimjmkcl
Y 24ijkl = 2[ciclmjmk −mlmimjmk −mkmimjml −mjmimkml −mimjmkml
+cjmk(clmi + ciml) + ck(clmimj + (cjmi + cimj)ml)]
Y 14ijkl = 6[mlckmimj +mkclmimj +mjclmimk +miclmjmk +mjckmiml
+mickmjml + ci(−ckclmj +mlmjmk + (mkmj +mjmk)ml)
+cj(−ciclmk +mlmimk +mkmiml +mimkml − ck(clmi + ciml))]
Y 04ijkl = 105cicjckcl + 12[δikδjl + δilδjk + δijδkl]
−30[δijckcl + δikcjcl + δilckcj + δkjcicl + δljckci + δklcicj]
III. Produts of the Y
(s)
(l)i.......k
Very often in doing detailed alulations in general relativity due to the
non-linearity one has to deal with produts of dierent Y
(s)
(l)i.......k. Usually they
involve only small values of both s and l, most often from 0 to 3 or 4. In
priniple, by using the produts of the Wigner D-funtions, i.e., Clebsh-
Gordon expansions, one ould work out the Y
(s)
(l)i.......k produts. In pratie
sine the onversion of the Y
(s)
(l)i.......k to the D
l
mm′ is quite ompliated - with
various onventions - and we are most often interested in the low values of s
and l, it is easier to do the alulation of the expansion diretly.
First, instead of using (ci , mi, mi), we use
(Y 01i, Y
1
1iY
−1
1i ) = (−ci , mi, mi).
The simplest and most important produt relations are found most easily
by diret alulations using the denitions, (9),(10)and (12), of (ci , mi, mi)
yielding
Y 11iY
−1
1j − Y 11jY −11i = −
i√
2
ǫijkY
0
1k, (48)
Y 11jY
0
1k − Y 11kY 01j = i
√
2ǫjkiY
1
1i. (49)
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To nd the produts Y 11kY
0
1j, Y
1
1kY
−1
1j and Y
0
1kY
0
1j one writes them out as a sum
of tensor terms from l = 0 to l = 2 and applies the operator
ð
several times using the eigenvalue equations (35) and (36) to determine the
oeients.
For example Y 01jY
0
1k ould be written out as
Y 01jY
0
1k = AY
0
0 +B
jY 01j + C
jkY 02jk (50)
with A,Bi and C ij to be determined, and then from the eigenfuntion rela-
tions, we have
ðð[Y 01jY
0
1k] = −2BjY 01j − 6CjkY 02jk (51)
ðððð[Y 01jY
0
1k] = 4B
jY 01j + 36C
jkY 02jk. (52)
Sine the left sides of (50),(51) and (52) are known we an evaluate the A,Bi
and C ij yielding
Y 01iY
0
1j =
2
3
δij +
1
3
Y 02ij . (53)
In a similar manner, with the help of (48) and (49), we obtain
Y 11iY
0
1j =
i√
2
ǫijkY
1
1k +
1
2
Y 12ij (54)
Y 11iY
−1
1j =
1
3
δij − i
√
2
4
ǫijkY
0
1k −
1
12
Y 02ij. (55)
In priniple all produts expansions an be found in this manner. As the
details an beome quite tedious we simply list the most important ones in
the Appendix B.
IV. Appliation: The Robinson-Trautman Equation
Though there are many appliations of these results that will be given
elsewhere, here we will show how the tensor harmonis an be used to ap-
proximate solutions to the Robinson-Trautman equation,
3
the nal equation
that determines the type II, non-twisting metris. Our purpose, in this ex-
ample, is simply to illustrate how the tensor harmonis and their produts
9
enter into GR alulations and so we will not be onerned with the ertain
details.
I. Robinson and A. Trautman in their investigation of algebraially spe-
ial vauum metris with non-twisting priniple null vetor found that the
algebraially speial type II metris ould be redued to the single partial
dierential equation for a `mass parameter', χ(τ ), as a funtion of the `time'
parameter and a funtion
P (τ , ζ, ζ) = V (τ , ζ, ζ)(1 + ζζ) ≡ V (τ , ζ, ζ)P0,
a time dependent onformal fator for a two-surfae metri.
Remark 1 The funtion χ(τ ) though not the Bondi mass is a lose relative.
The Bondi mass is given, up to a numerial fator, by MB = χ(τ )W (τ),
where
W (τ) =
∫
dζdζ
V 3(1 + ζζ)2
(56)
One an easily show
4
from Eq.(57a) that M ′B < 0, i.e., the Bondi mass
loss theorem.
The Robinson/Trautman equation ould be rewritten,
4
using the edth
notation, (19), as
χ
′ − 3V
′
V
χ = V 3[ððððV + 2ð ðV ]− V 2(ð2V )(ð2V ) (57a)
with (
′
) meaning the τ -derivative. They showed that by hoosing a dierent
time parameter τ → τ ∗ = F (τ) and resaling the V one ould then make
χ′ = 0
thereby simplifying the equation. We however will use the reparametrizaion
freedom in a dierent way: we hoose it to make the leading term in V to
be one and thereby allow χ to be time dependent. In partiular we assume
that V takes the form of the tensor harmoni expansion with the l = 0 term
unity:
V = 1− 1
2
ηiY 01i + η
ijY 02ij + ..... (58)
with ηij symmetri and trae-free.
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Remark 2 : In other publiations, and for spei reasons, we have hosen
the η 's as τ -derivatives of other funtions, i.e., η = ξ′. In the present work
this is not neessary.
Our objet is to try to nd approximate solutions to (57a) by assuming
that, in an expansion near the Shwarzshild solution, χ is zero order while
ηi and ηi j are respetively rst and seond order. Note that the order of the
τ -derivatives is at this stage not know but be determined by the dierential
equation, (57a). Furthermore we will trunate the harmoni series at two,
the quadrupole term. The expression for V, (58), will be substituted into
(57a ) and expanded up to the l = 2. This yields three dierent evolution
equations, [l = 0, 1, 2], for the τ -derivatives of χ, ηi and ηij. For a reason
made lear later we will keep terms up to fourth order, even though most
will eventually be disarded.
As a preliminary to the substitution of V into (57a) we alulate from
the eigenvalue equations, (35) and (36), the following relations:
ððV = −1
2
ηi ððY 01i + η
ij
ððY 02ij = η
iY 01i − 6ηijY 02ij, (59)
ððððV = −2ηiY 01i + 36ηijY 02ij, (60)
ððððV + 2 ððV = 24ηijY 02ij, (61)
ð
2V = ð2[1− 1
2
ηiY 01i + η
ijY 02ij] = η
ij
ð
2Y 02ij = 24η
ijY 22ij , (62)
ð
2
V = 24ηijY −22ij , (63)
(ð2V )(ð
2
V ) = (24)2ηijηklY 22ijY
−2
2kl , (64)
Using these relations, Eq.(57a) an be written as
V χ
′ − 3V ′χ− V 4[24ηijY 02ij + ...] + V 3[(24)2ηijηklY 22ijY −22kl + ...] = 0 (65a)
By expanding V 4 as
11
V 4 = [1− 1
2
ηiY 01i + η
ijY 02ij]
4
(66)
= 1− 2ηiY 01i +
3
2
ηi ηj Y 01iY
0
1j + 4η
ijY 02ij + ...
and using the produt
Y 01iY
0
1j =
2
3
δij +
1
3
Y 02ij (67)
we have
V 4 = 1− 2ηiY 01i + ηi ηi + (
1
2
ηi ηj + 4ηij)Y 02ij + ... (68)
Up to fourth-order, Eq.(65a) redues to
−χ′ + 1
2
(χ
′
ηi − 3χηi ′)Y 01i + [−χ
′
ηij + 3χ
′
ηij′ + 24(1 + ηkηk)ηij ]Y 02ij(69)
−48ηi ηklY 01iY 02kl + (12ηi ηj + 96ηij)ηklY 02ijY 02kl
−(24)2ηijηklY 22ijY −22kl = 0
From the produt relations
Y 01iY
0
2jk = −
4
5
δkjY
0
1i +
6
5
(δijY
0
1k + δikY
0
1j) +
1
5
Y 03ijk
and those for Y 02ijY
0
2kl and Y
2
2ijY
−2
2kl , given in the appendix B, (and using the
symmetry and trae-free properties of ηij), we have after a lengthy alulation
that Eq.(69) beomes, to fourth-order and to the l = 2 harmoni,
−χ′ + 1
2
{χ′ηi − 3χηi ′}Y 01i + {−χ
′
ηij + 3χηij′ + 24(1 + ηk ηk)ηij}Y 02ij(70)
+48{6
5
(ηi ηj + 8ηij)ηij − 48
7
{[ 1
24
ηk ηk ηij − (1
8
ηi ηk + ηik)ηkj]Y 02ij}}(71)
−48{12
5
ηj ηjiY 01i} − (24)2{
1
5
ηijηij − 1
7
ηikηjkY 02ij} = 0.
From the l = 0, 1, 2 harmonis this is equivalent to
12
− χ′ + (24)
2
5
(
1
2
ηi ηj + 3ηij)ηij = 0, (72)
3χηi ′ − χ′ηi + 2(24)
2
5
ηj ηji = 0, (73)
−χ′ηij + 3χηij′ + 24ηij + 12(6)
7
ηk ηk ηij (74)
+SymTrFr(ij)
(
(24)2
7
(
1
2
ηi ηk + 5ηik)ηkj
)
= 0,
where SymTrFr(ij) means symmetrize and remove the trae.
These three equations will be used in two dierent ways: (i) They will
rst be used to determine the order of the τ -derivatives and onsequently
simplify the equations and (ii) then integrate them.
From the rst we see that χ
′
is fourth order
χ
′
=
(24)2
5
(
1
2
ηi ηj + 3ηij)ηij = 0. (75)
Using this in the seond equation and keeping only the leading term, we have
that ηi ′ is third order,
χηi ′ = −(16)(24)
5
ηj ηji. (76)
while the third equation for ηij ′, is seond order,
χηij′ = −8ηij. (77)
These equations, by taking them in the reverse order and treating χ = on-
stant in the 2
nd
and 3
rd
equations, an be integrated as
ηij = ηij0 e
−8χ−1τ . (78)
The seond equation an be integrated exatly with the solutions depending
on an exponential of the exponential e−8χ
−1τ , i.e., it involves funtions of the
form
eexp[−8χ
−1τ ]
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whih goes to one rapidly so here we simply take ηi as onstant,
ηi = ηi0.
[The same result ould be obtained by negleting the third order term.℄ The
rst equation then simply integrates to the form
χ = χ0 +Ke
−16χ−1τ . (79)
Sine here we are not interested in the details of the Robinson-Trautman
metri, but only to illustrate the use of the tensor harmonis, we will not
give the detailed expressions for these quantities. We simply mention that
using Eqs.(56) and (79), we an obtain the evolution of the Bondi mass.
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VI. Appendies
A. misellaneous relations
l = 1:
Y 01i = ðY
1
1i = −ci (80)
Y 01i = ðY
−1
1i = −ci (81)
ðY 01i = −2mi = −2Y 11i (82)
ðY 01i = −2mi = −2Y −11i (83)
ððY 01i = −2Y 01i (84)
ðY 11i = 0 ⇒ ððY 11i = 0 (85)
ðY −11i = 0 ⇒ ððY −11i = 0, (86)
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ððY 11i = −2Y 11i, (87)
ððY −11i = −2Y −11i . (88)
l = 2:
Y 12ij = ðY
2
2ij = −(cimj +micj) (89)
ðY 12ij = ððY
2
2ij = −4mimj = −4Y 22ij (90)
Y 02ij = ð
2
Y 22ij = 3cicj − 2δij (91)
ðY 02ij = 6(micj + cimj) = −6Y 12ij (92)
ððY 02ij = −6Y 02ij (93)
l = 3:
Y 23ijk = ðY
3
3ijk = −(cimjmk +micjmk +mimjck) (94)
Y 13ijk = ðY
2
3ijk = 2[cicjmk + cimjck +micjck
−mimjmk −mimjmk −mimjmk] (95)
Y 13ijk = 4[δijmk + δkjmi + δikmj ]
−10[mimjmk +mimjmk +mimjmk] (96)
Y 13ijk = −[δijmk + δkjmi + δikmj] +
5
2
[cicjmk + ckcjmi + cickmj ](97)
Y 03ijk = ðY
1
3ijk = 6(δijck + δikcj + δkjci)− 15cicjck (98)
ðY 23ijk = ððY
3
3ijk = −6mimjmk = −6Y 33ijk (99)
ðY 13ijk = ððY
2
3ijk = −10Y 23ijk (100)
ðY 03ijk = −12Y 13ijk (101)
ððY 23ijk = −10Y 23ijk (102)
ððY 13ijk = −10Y 13ijk (103)
ððY 03ijk = −12Y 03ijk (104)
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B. Clebsh-Gordon Expansions
We present a table of produts involving funtions with s = (2, 1, 0,−1,−2)
and l = (0, 1, 2).
1. Produts of l = 1 with l = 1 :
Y 11iY
0
1j =
i√
2
ǫijkY
1
1k +
1
2
Y 12ij (105)
Y 11iY
−1
1j =
1
3
δij − i
√
2
4
ǫijkY
0
1k −
1
12
Y 02ij (106)
Y 01iY
0
1j =
2
3
δij +
1
3
Y 02ij (107)
2. Produts of l = 1 with l = 2 :
Y 11iY
2
2jk = Y
3
3ijk (108)
Y 01iY
0
2jk = −
4
5
δkjY
0
1i +
6
5
(δijY
0
1k + δikY
0
1j) +
1
5
Y 03ijk (109)
Y 11iY
0
2jk =
2
5
Y 11iδkj −
3
5
Y 11jδik −
3
5
Y 11kδij
+
i√
2
(ǫiklY
1
2jl + ǫijlY
1
2kl) +
2
5
Y 13ijk (110)
Y 11iY
1
2jk = −
1
6
ð[Y 11iY
0
2jk] (111)
Y −12ij Y
1
1k =
3
10
Y 01iδjk +
3
10
Y 01jδik −
2
10
Y 01kδij
+
i
√
2
12
[ǫjklY
0
2il + ǫiklY
0
2lj]−
1
30
Y 03ijk (112)
Y 01iY
1
2jk = −
2
5
Y 11iδjk +
3
5
Y 11jδik +
3
5
Y 11kδij
− i
3
√
2
(ǫiklY
1
2jl + ǫijlY
1
2kl) +
4
15
Y 13ijk (113)
Y 22ijY
−1
1k =
3
10
δjkY
1
1i +
3
10
δikY
1
1j −
1
5
δijY
1
1k
17
−i
√
2
12
[ǫiklY
1
2jl + ǫjklY
1
2il]−
1
30
Y 13ijk (114)
Y 22ijY
0
1k = ð[Y
2
2ijY
−1
1k ] (115)
3. Produts of l = 2 with l = 2 :
total s = 4
Y 44ijkl = Y
2
2ijY
2
2kl (116)
total s = 3
Y 22klY
1
2ij = −
i√
2
[ǫileY
3
3jke + ǫjkeY
3
3ile] +
1
2
Y 34ijkl (117)
total s = 2
The numbers in parentheses as supersripts give the eigenvalues of the asso-
iated quantities:
Y 12klY
1
2ij =
3
7
K
2(0)
ijkl +
4
7
K
2(14)
ijkl , (118)
Y 02klY
2
2ij = −
3
7
K
2(0)
ijkl +
1
2
K
2(6)
ijkl +
3
7
K
2(14)
ijkl , (119)
where the K ′s are eigenfuntions with l = (2, 3, 4)
K
2(0)
ijkl = Y
1
2klY
1
2ij −
2
3
(Y 02klY
2
2ij + Y
2
2klY
0
2ij), l = 2 (120)
K
2(6)
ijkl = Y
0
2klY
2
2ij − Y 22klY 02ij, l = 3 (121)
K
2(14)
ijkl = Y
1
2klY
1
2ij +
1
2
(Y 02klY
2
2ij + Y
2
2klY
0
2ij), l = 4 (122)
and expliitly deomposed as
K
2(0)
ijkl = −
8
3
(δklY
2
2ij + δijY
2
2kl) + 2[δljY
2
2ik + δikY
2
2lj + δkjY
2
2il + δilY
2
2kj],
K
2(6)
ijkl =
i√
2
[ǫikeY
2
3ejl + ǫjkeY
2
3eil + ǫileY
2
3ejk + ǫjleY
2
3eik],
K
2(14)
ijkl =
1
2
Y 24ijkl, (123)
18
total s = 1
Y 02ijY
1
2kl =
3
10
J
1(0)
4ijkl +
1
14
J
1(4)
4ijkl +
1
5
J
1(10)
4ijkl +
3
7
J
1(18)
4ijkl (124)
Y −12ij Y
2
2kl =
1
20
J
1(0)
4ijkl +
1
28
J
1(4)
4ijkl −
1
20
J
1(10)
4ijkl −
1
28
J
1(18)
4ijkl (125)
where the J's are eigenfuntions with l = (1, 2, 3, 4)
J
1(0)
4ijkl = C
1
4ijkl −D14ijkl + 4E14ijkl − 4F 14ijkl , l = 1 (126)
J
1(4)
4ijkl = C
1
4ijkl +D
1
4ijkl + 12E
1
4ijkl + 12F
1
4ijkl , l = 2 (127)
J
1(10)
4ijkl = C
1
4ijkl −D14ijkl − 6E14ijkl + 6F 14ijkl , l = 3 (128)
J
1(18)
4ijkl = C
1
4ijkl +D
1
4ijkl − 2E14ijkl − 2F 14ijkl , l = 4 (129)
with
C14ijkl ≡ Y 02ijY 12kl (130)
D14ijkl ≡ Y 12ijY 02kl (131)
E14ijkl ≡ Y −12ij Y 22kl (132)
F 14ijkl ≡ Y 22ijY −12kl (133)
and deomposed as
J
1(0)
4ijkl = i2
√
2[δikǫljf + δjkǫlif + δilǫkjf + δjlǫkif ]Y
1
1f ,
J
1(4)
4ijkl = 6[δliY
1
2kj + δikY
1
2jl + δjkY
1
2il + δjlY
1
2ik]− 8[δijY 12lk + δklY 12ij ],
J
1(10)
4ijkl = −
i√
2
[ǫikeY
1
3ejl + ǫjkeY
1
3eil + ǫileY
1
3ejk + ǫjleY
1
3eik],
J
1(18)
4ijkl =
1
3
Y 14ijkl, (134)
total s = 0
Y 22klY
−2
2ij =
1
5
F
0(0)
ijkl +
2
5
F
0(2)
ijkl +
2
7
F
0(6)
ijkl +
1
10
F
0(12)
ijkl +
1
70
F
0(20)
ijkl , (135)
19
Y 12klY
−1
2ij =
4
5
F
0(0)
ijkl +
4
5
F
0(2)
ijkl −
4
7
F
0(6)
ijkl −
4
5
F
0(12)
ijkl −
8
35
F
0(20)
ijkl , (136)
Y 02klY
0
2ij =
24
5
F
0(0)
ijkl −
48
7
F
0(6)
ijkl +
72
35
F
0(20)
ijkl , (137)
with the eigenfuntions F with l = (0, 1, 2, 3, 4)
l = 0 : F
0(0)
ijkl = (Y
2
2klY
−2
2ij + Y
2
2ijY
−2
2kl ) +
1
4
(Y 12klY
−1
2ij + Y
1
2ijY
−1
2kl ) +
1
24
Y 02klY
0
2ij,(138)
l = 1 : F
0(2)
ijkl = (Y
2
2klY
−2
2ij − Y 22ijY −22kl ) +
1
8
(Y 12klY
−1
2ij − Y 12ijY −12kl ), (139)
l = 2 : F
0(6)
ijkl = (Y
2
2klY
−2
2ij + Y
2
2ijY
−2
2kl )−
1
8
(Y 12klY
−1
2ij + Y
1
2ijY
−1
2kl )−
1
24
Y 02klY
0
2ij,(140)
l = 3 : F
0(12)
ijkl = (Y
2
2klY
−2
2ij − Y 22ijY −22kl )−
1
2
(Y 12klY
−1
2ij − Y 12ijY −12kl ), (141)
l = 4 : F
0(20)
ijkl = (Y
2
2klY
−2
2ij + Y
2
2ijY
−2
2kl )− (Y 12klY −12ij + Y 12ijY −12kl ) +
1
4
Y 02klY
0
2ij ,(142)
and deomposed into
F
0(0)
ijkl =
1
2
δikδjl +
1
2
δliδkj − 1
3
δijδkl,
F
0(2)
ijkl = i
√
2
8
(δjlǫike + δkiǫjle + ǫjkeδil + δkjǫile)Y
0
1e,
F
0(6)
ijkl =
1
6
(δijY
0
2kl + δklY
0
2ij)−
1
8
(δljY
0
2ik + δkiY
0
2lj + δliY
0
2kj + δkjY
0
2il),
F
0(12)
ijkl = −
i
24
√
2
[ǫikeY
0
3ejl + ǫjkeY
0
3eil + ǫileY
0
3ejk + ǫjleY
0
3eik],
F
0(20)
ijkl =
1
24
Y 04ijkl. (143)
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